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1.  %��"��
����������������������ก�	��()�*���+ 
 (1) 4 3 2( ) 3 2 4 2f x x x x x= − + − +  [

236x - 12x+2 ] 

 (2) 2

2

1
( )f x x

x
= +  [

4

6
2+

x
] 

 (3) 2( ) 4f x x= +  [
3

4

(x+4)
] 

 (4) ( )
a bx

f x
a bx

+
=

−
 [

2

3

4ab

(a - bx)
] 

 (5) 4 3( ) 3 2 6f x x x x= − +  [
236x - 12x ] 

 (6) ( )f x a bx= +  [
2

3

-b

4 (a+bx)
] 

 (7) 
2

( )
5

x
f x

x
=

+
 [

3

50

(5+ x)
] 

 (8) 3 3
( )f x x

x
= −  [

3

6
6x -

x
] 

 (9) ( ) 25 3f x x= −  [
3

-9

4 (25 - 3x)
] 

 (10) 
2

( )
a

f x ax
ax

= +  [
2

3 5

- a 3a
+

4 x 4 ax
] 

 (11) ( ) 3 2f x x x= −  [
2 2

3 2 3 2 3

18x - 4 2(9x - 4x)
-

12x - 8x (12x - 8x )
] 

 (12) 
2

2
( )

7

x
f x

x
=

+
 [

2

2 2 2 3

14 56x
-

(x +7) (x +7)
] 

 (13) ( ) sin3f x x=  [ sin-9 3x ] 
 (14) ( ) cosxf x e x=  [ sinx-2e x ] 
 (15) 2 5( ) ( 1)f x x= +  [

2 4 2 2 310(x +1) +80x (x +1) ] 

 (16) 3
( ) 4 2f x x= +  [

4

3 3

12x +24x

(4x +2)
] 

 (17) 
2

1
( )

7
f x

x x
=

−
 [

2

2 5

392x - 56x+3

4 (7x - x)
] 

 (18) ( )
2 3

x
f x

x
=

−
 [

3

12

(2x - 3)
] 

 (19) 
2

( )
1 2

x
f x

x
=

−
 [

3

2

(1- 2x)
] 
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 (20) 3 3
( ) 2 5f x x= −  [

5

3 3

-20x

(2x - 5)

] 

2.  %��"��
������������� n ������ก�	��()�*���+ 
 (1) 4 3 2( ) 2 5 4; 3f x x x x x n= − + − + =  [ 24x - 12 ] 
 (2) 25 4

( ) ln(2 3 ); 2
x xf x n= ⋅ =  [ ln8 3 ] 

 (3) ( ) 2 ; 2f x x x x n= + =  [
2, x 0

f (x)=
-2, x <0

≥
′′ 


] 

 (4) ( ) 2; 3f x x x n= − =  [
5

2

12 - 3x

8(x - 2)

] 

 (5) 
7 5 1

2 2 2( ) 2 ; 4f x x x x n= − + =  [
1 3 7

2 2 2

105 15 15
+ -

16x 8x 16x

] 

 (6) 5 3 2( ) 2 3 4; 3f x x x x n= − + − =  [
260x - 12 ] 

 (7) 2
( ) 2 ; 3f x x x n= − =  [

5

2 2

3(1- x)

(2x - x )

] 

 (8) ( ) ; ,kf x x k I n n+= ∈ =  [ n! ] 
 (9) ( ) (1 ) ; ,kf x x k I n n+= − ∈ =  [

n(-1) n! ] 

 (10) 1
( ) ;

1 2
f x n n

x
= =

−
 [

n

n+1

2 n!

(1- 2x)
] 

3.  %��" ( )f a′′  567�ก8"������ก�	�� f ���%8"�9�% !� a ���()�*���+ 
 (1) 4 3 2( ) 7 2 5; 1f x x x x a= − + + =  [-26] 
 (2) 3 5( ) 5 3 ; 1f x x x a= − = −  [30] 
 (3) 2( ) 4 8 1; 2f x x x a= − + =  [8] 

 (4) 
4 3 2

( ) 3; 2
4 3 2

x x x
f x x a= − + − + = −  [17] 

 (5) 4 2 1
( ) 2 4 8;

2
f x x x a= − − =  [-2] 

 (6) 4 21 3 1
( ) ;

2 2 2
f x x x x a= − − = −  [-

3

2
] 

 (7) 7 3 2( ) 3 7 21 ; 0f x x x x a= − + =  [42] 
 (8) 2 5( ) ( 1); 1f x x x a= − =  [40] 
 (9) ( ) ( 2)( 3); 1f x x x a= − − = −  [2] 
 (10) ( ) (3 1)(2 5); 2f x x x a= − + =  [12] 
4.  %��" ( ) ( )nf a  567�ก8"������ก�	�� f %8"�9�5(:6�9ก n ���%8"�9�% !� a ���()�*���+ 

 (1) 1
( ) 2 ; 3, 1f x x n a

x
= − = =  [6] 

 (2) 3

3

1
( ) ; 3, 1f x x n a

x
= − = =  [66] 
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 (3) ( ) ; 4, 2
1

x
f x n a

x
= = = −

+
 [24] 

 (4) 
2

( ) ; 3, 0
1

x
f x n a

x
= = =

−
 [-6] 

 (5) 2
( ) 1; 2, 3f x x n a= + = =  [

1

8
] 

 (6) 3 1
( ) ; 3,

2 1 4

x
f x n a

x

−
= = = −

+
 [2688] 

 (7) 5( ) (4 7) ; 5, 2f x x n a= + = = −  [122880] 

 (8) ( ) ln(3 1); 3, 1f x x n a= + = = −  [-
27

4
] 

 (9) ( ) sin ; 6,
4

f x x n a
π

= = =  [
1

-
2
] 

 (10) 
tan
2( ) ; 3,

sec2 2

x

f x n a
x

π
= = =  [10] 

 (11) 3
( ) arcsin[cos( )]; 2,

2
f x x n a

π
π= + = = −  [0] 

5.  �66(!9)"�6ก" ()�*���+ก8"������ก�	������ !�"���6���
����� %��"��
��������� !�"� ( dy
dx

) 

 (1) 2 32y x=  [
23x

4y
] 

 (2) 3 12xy =  [
-y

3x
] 

 (3) 2 26 5y x+ =  [
-6x

y
] 

 (4) 3 23 7 1 0x x y y+ + + =  [
2

-3x(x+2y)

3x +7
] 

 (5) 2 6 5 7 0y xy x+ − + =  [
5 -6y

2y+6x
] 

 (6) 4x y+ =  [
y

-
x
] 

 (7) 3 10xy y x+ =  [
20 xy - y

x+6 xy
] 

 (8) 3 26 2x xy xy y− + =  [

3(y +6) 2xy - y

y(2 - 3xy) 2xy + x
] 

 (9) 
2 2

3 3 1x y+ =  [

1

3y
-

x

 
 
 

] 

 (10) 
32

2
3
1

y
y

x
= +  [

2

4

6y

4xy - 3x y
] 

 (11) 2 2xy xy+ =  [
-y(2y xy +1)

x(4y xy +1)
] 
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 (12) 2 2( 2 ) 2 6x y xy+ + =  [
2x+2y+ y

-
2(x+2y+ xy)

] 

 (13) 2 24 9 36x y+ =  [
4x

-
9y
] 

 (14) 2 16 0xy x− + =  [
21- y

2xy
] 

 (15) 3 23 19 0x x y xy− + =  [
2

2

3x - 6xy+19y

3x - 19x
] 

 (16) 2 23 3x y xy x+ − =  [
2

2 2

1- 2xy - 3y

x - 9xy
] 

 (17) 1 1
2

y x
+ =  [

2

2

y
-
x
] 

 (18) 2 2 35( 3 )x y x+ =  [
2 2 34

2 2 34

1-70x(x +3y )

210y(x +3y )
] 

 (19) 
3

3 2 23 ( )xy x y= +  [

1

2 3 2 2

1

3 2 2

3
x (x + y ) - y

2

x - y(x + y )

] 

 (20) 
2 2

23 3xy yx x+ =  [

1
-
3

1 2
-
3 3

6x - 3y - 2x y

2xy +3x

] 

 (21) 2 2sin( )x y x=  [
sec 2 2 2

2

(x y ) - 2xy

2x y
] 

 (22) 2 cot

1 cosec

y
x

y
=

+
 [

cosec

cosec cosec cosec cot

2

2 2

2x(1+ y)

[(1+ y)(- y)+( y y)]
] 

 (23) 3 2tan ( )xy y x+ =  [
cot2 2 2(xy + y) - 3y

3(2xy+1)
] 

 (24) 
3

41
1 sec

xy
y

y
= +

+
 [

sec tan sec

sec sec

3 3

2 3 2

(xy )( y y) - y (1+ y)

3xy (1+ y) - 4y (1+ y)
] 

 (25) 3 21 sin ( )xy y+ =  [
sin cos

sin sin cos

2 2 2 2

3 2 2 2 2

3y (xy ) (xy )

2 1+ (xy ) - 6xy (xy ) (xy )
] 

6.  �66(!9)"�6ก" ()�*���+ก8"������ก�	������ !�"���6���
����� %��"��
��������� !�"� ( dy
dx

) ; %
� 

( , )P x y  ��ก8"���<�# 

 (1) 2( ) 2 4; (6, 2)y x x P− = +  [
3

4
] 

 (2) 2 2 1; (2,3)x xy y P+ − =  [
7

4
] 

 (3) 2 2 25; (3, 4)x y P+ = −  [
3

4
] 

 (4) 2 2 9; ( 1,3)x y P= −  [3] 

 (5) 2; (3,1)
2

x y
P

x y

−
=

−
 [

1

3
] 



�����ก���	
��� 4  ��
�������������������
�����������ก�	������ !�"� ��#" 5 %"ก 6 

 

 (6) 3 2 32 1; (2, 3)x x y y P− + = −  [-
36

23
] 

 (7) 3 2 5; (1,2)x xy P+ =  [-
7

2
] 

 (8) 2 1
2; (1, )

3

x
x P

y
+ = − −  [-

1

9
] 

 (9) ( 1)( 2) 8; (1,4)x y P+ + =  [-4] 

 (10) 2 23 27 ; (1,4)y x y x P+ = +  [-
4

11
] 

 (11) 4 2 2 42 3 0; ( 1,1)x x y y P− + = −  [-1] 
 (12) 2 2 4 4( ) ( ) ; ( 2, 2)x y x y x y P+ − − = +  [-1] 

 (13) 2 1
3 ; (3, )

9
y xy P=  [-

1

27
] 

 (14) 2 2 3 0; (2,1)x xy y P+ + − =  [-
5

4
] 

 (15) 4 3 2 7 0; (3,1)y xy x P− + − =  [
5

2
] 

 (16) 5 2 3 63 7 6 0; (2,1)y x y x P+ − − =  [
1332

41
] 

 (17) 19; (16,9)x y xy P+ + =  [-
3

5
] 

 (18) 2
sin ( 2 ) ; (1,1)

6
y x x y P

π 
= + 

 
 [1] 

 (19) cos 2; (1, )
2

x x y P
π

+ + =  [
3

2
] 

 (20) 2 sin 2 ; (1, )
2

xy y P
π

π π+ =  [-
π

2
] 

 (21) sin 2 cos2 ; ( , )
4 2

x y y x P
π π

=  [2] 

 (22) 2 ln 2; (1, ln 2)yxe y x P+ − =  [0] 

 (23) ln 1 ln ; ( ,1)x y P e= −  [
e - 1

e
] 

7.  %�<	#9!��ก" �"��
��������� !�"��" 
2

2

d y

dx
 ������ก�	��()�*���+ 

 (1) 3 3 1x y+ =  [-
5

2x

y
] 

 (2) 22 3xy y− =  [-
3

3

(y - x)
] 

 (3) 2 2 1x y+ =  [
2 2

3

x y

y

−
] 

 (4) 
2 2

3 3 1x y+ =  [

1

3

4 1 4

3 3 3

y 1
+

3x 3y x

] 
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 (5) 2 2 2y x x= +  [
2 2

3

y - (x+1)

y
] 

 (6) 2 2 2 1y y x+ = +  [-
3

1

(y+1)
] 

 (7) cosx y y=  [-
sin sin

sin

2

3

2y+ y( y+1)

(1+ x y)
] 

 (8) 3 2 4y y− =  [
3 2

5

6y - 8x

9y
] 

 (9) 2 2 16y xy+ =  [
3

16

(x+ y)
] 

 (10) 2 2 9y xy x+ − =  [
3

90

(2y+ x)
] 

8.  %�<	#9!��ก" �"��
��������� !�"� �" 
2

2

d y

dx
 ��%
� ( , )P x y  ��ก8"���<�#()�*���+ 

 (1) 2 24 9; (5,2)x y P− =  [-
9

128
] 

 (2) cos( 2 ) 0; ( , )
6 6

x y P
π π

+ =  [0] 

 (3) 2 1; (0, 1)xy y P+ = −  [-
1

4
] 

 (4) 3 3 16; (2,2)x y P+ =  [-2] 
 (5) 2 2 1; ( 1, 1)x xy y P− + = − −  [6] 

 (6) 3 1; (1,1)y y x P+ − =  [-
3

32
] 

 (7) 3 2 4; (2,2)y x P− =  [
1

18
] 

 (8) 3 2 1; (3,2)y y x P+ = +  [-
94

2197
] 

 (9) 2 2; (1,1)xy yx P+ =  [
7

2
] 

 (10) cos ; (0,0)x y y P=  [0] 

9.  =#" 23 cos(2 3)xy e x= −  ��#9 
2

2
4 8

d y dy
y

dx dx
− +  6�>)"5�)"*              [0] 

10. =#" 2(arcsin )y x=  ��#9 

 (1) 
2

2(1 )
dy

x
dx

 
−  

 
 6�>)"5�)"*  [4y] 

 (2) 
2

2

2
(1 ) 2

d y dy
x x

dx dx
− − −  6�>)"5�)"*  [0] 

11. =#" 1sin(2sin )y x−=  ��#9 
2

2

2
(1 ) 4

d y dy
x x y

dx dx
− − +  6�>)"5�)"*              [0] 

12. =#" 2
1 arcsiny x x= −  ��#9 

2
2

2
(1 )

d y dy
x x

dx dx
− −  6�>)"5�)"*      [-2x - y] 

 


