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1.  !���$%ก��&$ �$�%'�$���&$ �() � * !
���ก+���� 
 (1) 2 1; (2,5)y x= +  [ y= 4x - 3 ] 
 (2) 24 ; ( 1,3)y x= − −  [ y= 2x+5 ] 

 (3) ; (1,1)y x=  [ 1 1
y= x+

2 2
] 

 (4) 2 cos ; ( ,1)
4

y x
π

=  [ π
y= -x+ +1

4
] 

 (5) 4cot 2cos ; ( ,2)
2

y x x
π

= −  [ π
y= -x+ +2

2
] 

 (6) sin 2 cos2 ; ( , )
4 2

x y y x
π π

=  [ y = 2x ] 

 (7) 2 2 4; ( 2,0)x y y+ = −  [ y= -2x - 4 ] 

 (8) 
2 2

3 3 4; (2 2,2 2)x y+ =  [ y= -x+4 2 ] 

 (9) 3 21 1
6 , ; (8,8)

2 2
x t t y t= − =  [ 2 56

y= x+
9 9

] 

 (10) 2 2sin , 2 2cos ; ( 2,2)x t t y t π= − = − −  [ y= x+4 - π ] 
2.  !���$%ก��&$ ��ก�3 (&$ ���4�5�ก���&$ �$�%'�$&$ �() �) * !
���ก+���� 
 (1) 1; (3,2)y x= +  [ y= -4x+8 ] 
 (2) 3 7 ; (2, 6)y x x= − −  [ x+5y+28= 0 ] 
 (3) 225 ; ( 3,4)y x= − −  [ 4x+3y= 0 ] 

 (4) 2 2 9; ( 1,3)x y = −  [ 1 8
y= - x+

3 3
] 

 (5) 2 2 1; (2,3)x xy y+ − =  [ 4 29
y= - x+

7 7
] 

 (6) 2 2 4 1 0; ( 2,1)y x y− − − = −  [ y= x+3 ] 

 (7) 1 cos ; ( ,1)
2

y x
π

= +  [ π
y= x+ +1

2
] 

 (8) 1 2 csc cot ; ( ,4)
4

y x x
π

= + +  [ 1 π
y= - x+ +4

4 16
] 

 (9) 2cos , 6sin ; ( 2,3 2)x t y t= =  [ 1 10
y= - x+ 2

3 3
] 

 (10) 1 3sinh , 2cosh ; (1,2)x t y t= + =  [ y= 2 ] 
3.  !���!
���&$ �$�%'�$&$ �() ���$��)6 ��ก��&�7��8���ก+����9� �:�8���4 
 (1) 4 22 2y x x= − + ; ����ก���ก� X [ (-1,1),(0,2),(1,1) ] 

 (2) 23 2 4y x x= − − ; ��4�5�กก��&$ ���� 2 3 7 0x y− + =  [ 1 597
,-

12 144

 
 
 

] 
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 (3) 2 5y x= + ; ����ก��&$ ���� 12 17 0x y− − =  [ (2,13), (-2,-3) ] 
 (4) 1 0xy − = ; ��4�5�กก��&$ ���� y x=  [ (1,1),(-1,-1)] 

 (5) 2 1 0x y+ − = ; ����ก��&$ ���� 
2

x
y = −  [ (0,1) ] 

 (6) sec , tanx t y t= = ; ����ก��&$ ���� 2 1, 2 1x t y t= + = +  [ ( 2 ,1)] 
 (7) 2 3 0x xy y+ − − = ; ��4�5�กก��&$ ���� 2y x= +  [ (0,-3), (2,-1) ] 
 (8) 2 2 27x xy y− + = ; ��4�5�กก��&$ ���� 3x =  [ (3,60), (-3,-6) ] 
 (9) 3 34cos , 4sinx t y t= = ; ����ก��&$ ���� 1 0x y+ − =  [ ( 2 , 2 ) ] 
 (10) 3 6y x= − ; ����ก��&$ ���� 12 1y x= −  [ (2,2), (-2,-4) ] 
4.  !���)<�%	�����&$ �$�%'�$ (mT) �6�&$ ��ก�3 (mN) ���&$ �() � 1y x= +  �� 3x =  

 [ T N

1
m = ,m = -4

4
] 

5.  !���$%ก�����&$ �$�%'�$&$ �() � 2y x=  �� 2x = −  [ 4x+ y+4= 0 ] 
6.  !���$%ก�����&$ ��ก�3���&$ �() � 3( ) 7f x x x= −  ��!
� (2, 6)−  [ x+5y+28= 0 ] 
7.  !���$%ก�����&$ �$�%'�$�6�&$ ��ก�3���&$ �() � 5 4y x x= −  ��!
� (3,15)  
 [�	
�	���	 : 5x+2y - 45=0  �	
��ก�� : 2x - 5y+69=0 ] 
8.  !���$%ก�����&$ �$�%'�$���&$ �() � 2 29 16 52x y+ =  ������ก��&$ ���� 9 8 1 0x y− − =  
 [ 9x - 9y - 26 = 0  ��� 9x - 8y+26 = 0 ] 

9.  !���$%ก��&$ �$�%'�$&$ �() � 4 2 2y y x= −  * !
� 3 1
( , )
4 2

 [ 1
3x - y - = 0

4
] 

10. !���$%ก��&$ ��ก�3���&$ �() � 3 3cos , sinx t y t= =  * !
� 3 3 1( , )
8 8

  

 [ 88 3x - 8y+1- 3 3 = 0 ] 
11. &$ �() � 2y Ax Bx C= + +  ':��!
� (1,3)  �6�$�%'�$&$ ���� 4 8x y+ =  ��!
� (2, 0) !���):���� 
      A, B �6� C [ A= -1, B= 0,C = 4 ] 
12. !���$%ก�����&$ ���4�5�ก&$ �() � 2 0xy x y+ − =  �6�����&$ ���� 0x y+ =  [ x+ y+1= 0 ] 

13. !���):� x ��4��%���&$ �$�%'�$ 3 tany x x= −  ����ก��&$ ���� 2 0x y− + =  [ ,
4

k
k I

π
∈ ] 

14. !���&$ �$�%'�$&$ �() � 2 sin( 2 )xy x y= +  * !
�ก+�&�3� [ 1
y= - x

2
] 

15. !��� dy &%7�ก+����>?�ก�	��(��$%ก�������4 
 (1) 3 22 3y x x= + −  [ 2(6x +2x)dx ] 
 (2) 3(2 1)( )y x x x= − −  [ 3 2(8x - 3x - 4x+1)dx ] 

 (3) 
3 7

4 3

x x
y

x

+
=

−
 [

3 2

2

8x - 9x - 21
dx

(4x - 3)
] 

 (4) 2 5 2y x x= − +  [
2

2x - 5
dx

2 x - 5x+2
] 
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 (5) 
7

2

(3 5)
y

x
=

−
 [

8

-42
dx

(3x - 5)
] 

 (6) 2 32 3x y y− + =  [
2

4x
dx

3y -1
] 

 (7) 
1 1

3 3 1x y+ =  [
2 2

-
3 3-x y dx ] 

 (8) 3(2 1)( ) 1x y x− − =  [
2

2 2

4x - 4x - 1
dx

3y (2x - 1)
] 

 (9) 2cos 2 sin3y x x= +  [ sin cos(-2 4x+3 3x)dx ] 

 (10) 3 1sin 2xy e x−= +  [ 3x

2

2
(3e + )dx

1- 4x
] 

 (11) cosxy e xπ=  [ cos sinxe ( πx - π πx)dx ] 

 (12) 2cos 2y xx e+ =  [ sin

ln

x 2

y

(e +2x x )dx
dx

2 2
] 

 (13) ln cot 2 sin(cos )xy x+ =  [ ln cosec sin cos cosx 2 xy[2 2 (2 ) - x ( x)]dx ] 
16. @ � 2 5y x x= − +  !�&�����&����):� y∆  ก��):� dy  &%7� 
 (1) 2x =  �6� 0.5dx x= ∆ =  [ ∆y= 1.75, dy= 1.5 ] 
 (2) 2x =  �6� 0.2dx x= ∆ =  [ ∆y= 0.64, dy= 0.6 ] 
 (3) 2x =  �6� 0.1dx x= ∆ =  [ ∆y=0.31, dy=0.3 ] 
 (4) 2x =  �6� 0.01dx x= ∆ =  [ ∆y= 0.0301, dy= 0.03 ] 
17. !�9	 ):�&	3���
��������%�*):���� 
 (1) 50  [7.0714] 
 (2) 35.5  [5.9583] 
 (3) 3 28  [3.037] 
 (4) 4 79.4  [2.9852] 
 (5) 3 8.25−  [-2.020] 
 (6) cot 46o  [0.966] 

 (7) 
4

23

3

1
(8.01) (8.01)

8.01
+ −  [79.687] 

 (8) 
4

3

80.9 1

(80.9)

−  [0.0228] 

 (9) cos31o  [0.857] 
 (10) sin59o  [0.857] 

 (11) 
1

3
2

2
1

(9.02) 26
9.02

 
  + −    

 [1.423] 
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18. �':�(6��ก6%8� ���)<�%� ��������<!�ก��A%� 5 �34<8�&�B� 5.06 �34< !����74�����&�3%�C4�(�����%�* 
 [1.88 �)*)+��,-] 
19. �':�������ก6%�':���C�������<&%7�8� ���)<�%� �� (��%���A%�&�3%�C4�!�ก 12.5 &D��3&%�� &�B� 
12.65 &D��3&%�� !����%�*):�����74�����&�3%�C4� [11.79 �)*)+�.�����*] 
20. ก ���3%��E����ก6%��A%� 10 &D��3&%�� 6�6��8�!���A%�&�B� 9.8 &D��3&%�� !���):����%�*���
��3%����6��74���'3<��6�6� [�*�)�*/01���012�3� 80π ≈  251.327 �4ก5)6ก7�.�����* 
 ���89,�/01��-/01���012�3� 16π ≈ 50.265 �)*)+�.�����*] 

21. � ��ก����$����ก6%DC�%�&$ �':��AE���ก6�� 5 �34< (��9� $���� 1
8

 �34< !�� ��9	 $�&�B���3%���&�:�9� 

((�����%�*) [9.817 �4ก5)6ก7��,-] 
22. �:�(6�����ก����กก6%%�&$ �':��AE���ก6��F��9� 4 �34< ��< 6 �34< ��� 0.07 �34< !�����3%���
(�����%�*���(6�����+��:� [5.2779 �4ก5)6ก7��,-] 
23. $%%�3<:�(6กก6%�6�%���A%� 4000 8%6� @ �&��&	7�ก%�������&$ �AE���$E��(��9� ��:6�!
����&	7�ก��E:
&��7��74� 2 >
� !���<:�!�� ��9	 &	7�ก��<%�กก<:�)<�%��<���&$ �AE���$E��&�:�9� (1 8%6� = 5280 >
�) 
 [12.566 :;�] 
24. !�9	 �HIJ������(�6��	:<����):���ก (root) ���$%ก���:�8���4 
 (1) 23 24 40 0x x− + =  [(2, 3) ��� (5, 6)] 
 (2) 3 22 3 12 1 0x x x− − + =  [(-2, -1), (0, 1) ��� (3, 4)] 
 (3) 5 42 5 1 0x x+ + =  [(-3, -2)] 
 (4) 4 22 3 0x x− − =  [(-2, -1) ��� (1, 2)] 
25. !���!
� z DC�&�B�8���%�HIJ���):�ก6�����>?�ก�	���:�8���4 
 (1) 2( ) 2 4 3; [ 1, 3]f x x x= − + −  [ z =1 ] 

 (2) 2( ) 2; [ 1, 2]g x x x= − − −  [ 1
z=

2
] 

 (3) 3( ) 9 1; [ 3, 3]h x x x= − + −  [ z = 3 ] 

 (4) 3 2 3
( ) 2 3 ; [0, ]

2
p x x x= −  [ z =1 ] 

 (5) 2( ) 2 ; [ 2, 2]f x x x= + −  [ z = 0 ] 
 (6) 2( ) 3 1; [ 3,1]f x x x= + − −  [ z = -1 ] 

 (7) 3( ) ; [ 1,1]g x x= −  [ 1
z=

3
] 

 (8) 1
( ) ; [0, 4]

1

x
g x

x

+
=

−
 [3@	))*AB) z 3C
 �8*)� g(x) 3@�@E��91E+/01 x = 1] 

 (9) 
2

3( ) ; [ 1,1]h x x= −  [3@	))*AB) z 3C
 �8*)�3@0E�;8��G7/01 x = 0] 
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 (10) 
2

3( ) ; [0, 2]h x x=  

 (11) 1 1
( ) ; [ 1, ]

2
p x x

x
= + −

 (12) 1
( ) ; [1, 2]p x x

x
= +  

26. &�Nก)���C��7�%��&)�7���3�DC��3���E:$E� 

&�B� θ  &�&���� @ �&)�7���3��3�8�����3A��<���ก 

 
 
 
 

 

27. ��66E��E����ก6%�>�6� (����A%�6�6�� <������)��� 
��66E�� <������&�:�9� �*�����A%�&�:�ก�� 
28. @���4+��E�ก�<�ก6%��A%� 10 &D��3&%�� �6�$E� 
����� 20 6Eก��Aก�&D��3&%���:�<3���� !���<:�)<�%$E�����4+�!�&�3%�C4�� <������&�:�9� �*����4+�$E� 

&D��3&%�� 

29. �<�8>�<���C���E:��&$�$E� 28
&%�� 9� �ก6�%�(��%�>?�ก�	���+����:�&�B� 
�*���&<6�':��8� 1 <3���� 

30. ��
F�)&)67������E:��&$ �() ���%�$%ก��&�B� 

<3���� �*�����
F�)��E:��!
� (1, 2) 

��
F�)ก+�6���C4�� ������7��ก6�� ��6:��

31. @��&กN��4+��E�ก�<�ก6%$E� 10 &%�� ��A%�����กก�<� 
0.08 h  6Eก��Aก�&%���:�<3���� (��9�  
9� �4+�8�6&� �� <������)��� c 6Eก��Aก�&%���:�<3���� @ �)<�%$E�����4+�ก+�6��&�3%�C4�� <������ 

6Eก��Aก�&%���:�<3���� �*���)<�%$E�&�B� 

32. ��66E�6Eก��C�6���C4�8����O !�ก!
� 
&���<ก��!
� A �6��:��!�ก!
� A 20 
����������<:����66E�ก��!
� B &�B�&�:�9�

θ 

7 

ก������
ก�������
����� (1)  

( ) ; [0, 2]

1 1
( ) ; [ 1, ]

2
 [3@	))*AB) z 3C
 �8*)� p(x) 3@�@E��91E+/01 

( ) ; [1, 2]  

&�Nก)���C��7�%��&)�7���3�DC��3���E:$E� 7 ก3(6&%�� !�ก�74��3� %
%��%��&)�7���3�<��!�ก&$ ���<�3�

&�&���� @ �&)�7���3��3�8�����3A��<���ก (����E�) � <�)<�%&�N< 10 ก3(6&%���:�<3���� !��� 

��66E��E����ก6%�>�6� (����A%�6�6�� <������)��� 15 	�<(%��:����� !���<:���ก�A��ก!�ก
��66E�� <������&�:�9� �*�����A%�&�:�ก�� 9 &D��3&%�� [ 4860π  

&D��3&%�� �6�$E� 24 &D��3&%�� DC�!
������E:� ��6:�� @ ��4+�8�6&� �@��� <�
6Eก��Aก�&D��3&%���:�<3���� !���<:�)<�%$E�����4+�!�&�3%�C4�� <������&�:�9� �*����4+�$E� 

[ 9

20π
 �.�����*�@E-��)/0

28 &%�� �6:��<��@
�������)<�%$E�&���<ก���<�8> �6���E:�:���<�8> 
&%�� 9� �ก6�%�(��%�>?�ก�	���+����:�&�B� 24.9s t=  &�����<��@
!�&)67�������74�� <������&�N<&�:�9� 

[80

��
F�)&)67������E:��&$ �() ���%�$%ก��&�B� 
3

2

8

1 5

xy

y
=

+
 $%%�3<:��3ก�� x &�3%�C4�� <������ 

 !���<:��3ก�� y !�&�6���8�� <������&�:�9���!
� (1, 2)

��
F�)ก+�6���C4�� ������7��ก6�� ��6:�� [ 60
-
7

 B�@-2�@E-��)/0 ���กJ)��+�ก�+K
)+�@)+

&%�� ��A%�����กก�<� 5 &%�� �6:��9� �4+�8�6��ก��ก �@��� <������ 
6Eก��Aก�&%���:�<3���� (��9�  h &�B�)<�%$E�����4+�9�ก�<� �*�&<6� t 9�O �6�����ก@���6:��

6Eก��Aก�&%���:�<3���� @ �)<�%$E�����4+�ก+�6��&�3%�C4�� <������ 

6Eก��Aก�&%���:�<3���� �*���)<�%$E�&�B� 25
4

 &%�� !���):� c 

��66E�6Eก��C�6���C4�8����O !�ก!
� A ���74�� <������ 5 &%���:�<3���� !
� B ���74���E:9������
 &%�� &%7���66E���E:�:��!�ก!
� A  15 &%�� �����ก��&�6�����6����
&�B�&�:�9� [3

�� � 5 !�ก 5 

[ 16
z=

27
] 

3@�@E��91E+/01 x = 0] 

[ z = 2 ] 

ก3(6&%�� !�ก�74��3� %
%��%��&)�7���3�<��!�ก&$ ���<�3�

ก3(6&%���:�<3���� !��� d
dt

θ  

[ 210
- cos θ
7

] 

	�<(%��:����� !���<:���ก�A��ก!�ก
π  N�1-O+�@E-��)/0] 

&D��3&%�� DC�!
������E:� ��6:�� @ ��4+�8�6&� �@��� <�
6Eก��Aก�&D��3&%���:�<3���� !���<:�)<�%$E�����4+�!�&�3%�C4�� <������&�:�9� �*����4+�$E� 16 

�.�����*�@E-��)/0] 

&%�� �6:��<��@
�������)<�%$E�&���<ก���<�8> �6���E:�:���<�8> 7 
&�����<��@
!�&)67�������74�� <������&�N<&�:�9� 

[80 ��*�@E-��)/0] 

&�3%�C4�� <������ 6 ��:<��:�

(1, 2) �6���<:��*���4�

B�@-2�@E-��)/0 ���กJ)��+�ก�+K
)+�@)+] 

&%�� �6:��9� �4+�8�6��ก��ก �@��� <������ 
9�O �6�����ก@���6:��

6Eก��Aก�&%���:�<3���� @ �)<�%$E�����4+�ก+�6��&�3%�C4�� <������ 0.02 

[0.813] 

���74���E:9������
&%�� �����ก��&�6�����6����

[3 ��*�@E-��)/0] 


